Received: March 25, 1999, Accepted: April 8, 1999

HYPER VERSION

Conformal mechanics and the Virasoro algebra

Jason Kumar

Department of Physics, Stanford University, Stanford, California 94305 USA E-mail: jkumar@leland.stanford.edu

Abstract: We demonstrate that any scale-invariant mechanics of one variable exhibits not only 0+1 conformal symmetry, but also the symmetries of a full Virasoro algebra. We discuss the implications for the adS/CFT correspondence.

Keywords: Conformal Field Models in String Theory, Conformal and W Symmetry.

Contents

1. Introduction 1

2. Finding the generators 1

3. The general case: scale-invariant hamiltonians 3

4. The relativistic limit 3

5. Computing the central charge 4

6. Multiplets of states 5

7. Hermiticity and global time 5

8. Conclusion 7

1. Introduction

Recently, there has been much interest in the conjectured correspondence between theories of gravity in anti-de Sitter background and conformal field theories living on the boundary of AdS [1, 2, 3]. A particularly interesting example of this is the AdS_2/CF T_1 correspondence [4, 5, 6]. In particular, Strominger [4] pointed out that quantum gravity on AdS_2 must be a conformal theory on a strip, which exhibits the symmetries of the Virasoro algebra. This suggests that perhaps the boundary conformal theory also exhibits the symmetries of the full Virasoro algebra despite the fact that, naively, the boundary theory is quantum mechanics. This suggestion is lent credence by a recent proposal of Gibbons and Townsend [7], who suggest that the boundary theory for AdS_2 is given by a Calogero model of quantum mechanics. This model is a limit of a more general Calogero model, which was shown to exhibit the symmetries of a Virasoro algebra [8].

In fact the SO(1, 2) isometry group of AdS_2, which forms the 0+1 conformal group, is given by the charge-free subalgebra of the Virasoro algebra generated by L_1, L_0 and L_{−1}. A conformal mechanics describing the dynamics of a particle in the background of a Reisnner-Nordstrom black hole was given in [9]. Motivated by [4], we consider the system given in [9] to determine if one can find generators of the full Virasoro algebra. Not only do we find generators of the full algebra, but we also find (somewhat surprisingly) that given any scale-invariant Hamiltonian of one dynamical variable, one can classically find generators of the full Virasoro algebra (the global subalgebra of which generates 0+1 conformal symmetry).

2. Finding the generators

One can write the 0+1 dimensional conformal algebra in the following manner [D, H] = H , [D, K] = −K , [H, K] = 2D , (2.1) where H is the Hamiltonian, D is the generator of dilatations, and K is the generator of the special conformal symmetry. By making the identification

L_0 = −ıD , L_{−1} = −ıH , L_1 = ıK (2.2)

we see that the L_0, L_{−1} and L_1 satisfy the Virasoro algebra

[L_m, L_n] = −ı(m − n)L_{m+n} + A(m)δ_{m+n} . (2.3)

In [9], we find D = 1 2 pr , H = p^2 2f , K = − 1 2 fr^2 (2.4) and f = 1 2 m [√ 1 + ( rp 2mM )^2 + 1 ] . (2.5)

We take m = 1 and take the non-relativistic massive limit, which corresponds to f −→ 1 (this means that we must scale the r and p by appropriate powers of the mass, giving p weight 1/2 and giving r weight −1/2). We now see if we can extend the algebra. In this case, we can rewrite part of the envisioned Virasoro algebra as

[L_{−1}, L_n] = ı(n + 1)L_{n−1} = ıp ∂L_n ∂r (2.6)

[L_n, L_1] = −ı(n − 1)L_{n+1} = ır ∂L_n ∂p , (2.7)

where we evaluate the algebra classically (i.e. using Poisson brackets).^1 Using these two relations, we find

L_n = r^2 n − 2 ∂^2L_{n−1} ∂r∂p + (n + 1)r p L_{n−1} . (2.8)

1We use the convention [r, p] = 1

Given that we have L_0 =^1_2 rp, we can use this recursive relation to see that we must have L_n = − ı 2 r^{1+n}p^{1−n} . (2.9)

Now, we must check that these L’s satisfy the Virasoro algebra.

[L_m, L_n] = − 1 4 [ r^{1+m}p^{1−m}, r^{1+n}p^{1−n} ]

= − 1 4 ([ (1 + m)(1 − n) − (1 − m)(1 + n) ] r^{1+n+m}p^{1−(n+m)} ) = −ı(m − n)L_{n+m} (2.10)

We thus confirm that we in fact have the generators of the full Virasoro algebra. One should also note that the L’s we have found do not seem to obey the usual relationship L^†_n = L_{−n}.

3. The general case: scale-invariant hamiltonians

We now consider the most general scale invariant Hamiltonian we can write, given that p has dimension 1/2 and r has dimension −1/2 H = p^2 2f(u) , (3.1)

where f is an arbitrary function of u = rp. Motivated by our previous calculation and the results of [9], we make the following ansatz,

L_n = − ı 2 r^{1+n}p^{1−n}f^n . (3.2)

Note that this reduces to the case in [9] and to the free particle case described above in the appropriate limits. Again, we must check that the full Virasoro algebra is satisfied.

[L_m, L_n] = − 1 4 [ r^{1+m}p^{1−m}f^m, r^{1+n}p^{1−n}f^n ]

= −ı(m − n)L_{m+n} − 1 4 [ r^{2+n+m}p^{2−(n+m)}f^{n+m−1} ∂f ∂u ] × × [ (1 + m)n − (1 − m)n + (1 − n)m − (1 + n)m ] = −ı(m − n)L_{m+n} . (3.3) This shows that given any scale invariant Hamiltonian of one variable, one can construct (classically) not only the generators of 0+1 dimensional conformal symmetry, but also the generators of the full Virasoro algebra.

4. The relativistic limit

We will now consider the massless relativistic limit. In this case, we do not scale r and p by powers of a mass. Thus, r has weight −1 and p has weight 1. We may rewrite this case in terms of our previous analysis by making the following change of variables r̃ = r^2 , p̃ = ∂L ∂ ˙r̃ = p ∂r̃ ∂r = p 2r , (4.1)

where we see, as expected, that r̃ has weight −1 and p̃ has weight 1 Note that rp = r̃p̃/2. If we now choose f(rp) = rpf̃(r̃p̃) , (4.2) then we find

L_n = − ı 2 r^{1+n}p^{1−n}f^n = − ı 2 r^{1+2n}pf̃^n = −ır̃^{1+n}p̃f̃^n . (4.3)

Let us set f̃ = 1. We see that L_{−1} = −ıp̃ is then related to the relativistic Hamiltonian H = p̃ in the expected manner.^2 The charge-free subgroup provides a representation of the 0+1 conformal group as well [10].

One reason why we consider the relativisitic limit here is because it can easily be linked to the the representation of the Virasoro algebra in terms of diffeomorphisms of a circle. From that point of view, one may write the generators of the algebra as L_n = ıe^{ınθ} ∂ ∂θ . (4.4)

Consider then the transformation r̃ = e^{ıθ} , L_n = ıe^{ınθ} ∂ ∂θ = −r̃^{1+n} ∂ ∂r̃ = −ır̃^{1+n}p̃ . (4.5)

Note, however, that the condition that r̃ be real amounts to the constraint that either θ = C or θ = π + C where C is purely imaginary. In some sense, we can think of the Virasoro algebra (in the relativistic free particle limit, at least) as arising from the diffeomorphisms of a circle, analytically continued to a real line.

5. Computing the central charge

The analysis of the previous section also provides insight into the quantization of the Virasoro algebra. The transition −ı^∂_{∂r̃} −→ p̃ is essentially the quantization of the

2We may instead consider the Hamiltonian H = |p|. This may be achieved this by setting f̃ = 1 for positive p and f̃ = −1 for negative p. Note that there are technical issues associated with the singular behavior at p = 0.

system. The transformation of the previous section then seems to give us an ordering for the quantum generators. In particular, we make the ansatz

L_n = −ır̃^{1+n}p̃ (5.1)

as a quantum operator. We then examine the full quantum algebra, and find

[L_n, L_m] = − [ r̃^{1+n}p̃, r̃^{1+m}p̃ ] = −r̃^{1+n} [ p̃, r̃^{1+m}p̃ ] − [ r̃^{1+n}, r̃^{1+m}p̃ ] p̃ = −r̃^{1+n} [ p̃, r̃^{1+m} ] p̃ − r̃^{1+m} [ r̃^{1+n}, p̃ ] p̃ = −ı(n − m)r̃^{1+n+m}p̃ = (n − m)L_{n+m} . (5.2)

In the case of the free relativistic particle, we have exhibited generators which satisfy the full quantum Virasoro algebra with no central charge.

6. Multiplets of states

One might expect to be able to find the states organized into highest weight representations of the Virasoro algebra. In fact, this is somewhat difficult. In 1+1 conformal field theory, L_0 is the Hamiltonian and is bounded from below. Since all of the other L’s will shift the eigenvalue of L_0, one finds that the eigenstate of L_0 corresponding to its minimum eigenvalue must be annihilated by the half of the L’s which are lowering operators. It is upon this eigenstate that one builds multiplets of the algebra. In our case, however, L_0 is the generator of dilatations, and its eigenvalues are not bounded. Instead, the Hamiltonian is given (up to constant factors) by L_{−1}. In order to find an equivalent construction, we must find linear combinations of the L’s such that [ H, ∑ n a_nL_n ] = C ∑ n a_nL_n . (6.1)

These operators will then be the raising and lowering operators of the representation. Using the commutation relations, one can easily see that the raising and lowering operators will be of the form e^{ıkr}p . (6.2) One could see this just as well by remembering that since H = p, the raising and lowering operators are just operators which shift the momentum. The only state which is annihilated by these operators is the zero momentum state. But since it is annihilated by all of these operators, one cannot build the multiplet upon it. In that sense, there is no highest weight representation.

7. Hermiticity and global time

We have noted that, for the constructions provided in the previous sections, one does not have the condition L^†_n = L_{−n}. This seems unusual given that, in some cases, the scale-invariant mechanics actually describes the motion of a particle in the background of AdS_2. The L_n’s of the bulk are the Fourier modes of the bulk stress-energy tensor, and as such must obey the hermiticity condition. One might ask why the same does not appear to be true for the particle. The answer is related to the choice of time.

Both the free non-relativistic particle and free relativistic particle are limits of the Hamiltonian found in [9]. That Hamiltonian was derived from the Born-Infeld action for the radial excitations of a particle in the background of AdS_2 × S^2 given in Poincaré coordinates. These coordinates do not cover the entire anti-de Sitter space. One can write these coordinates in such a way that the space they cover is a half-plane which is conformally flat.

ds^2 = 1 u^2

(−dt^2 + du^2) , u > 0 . (7.1)

If one thinks of these coordinates as parametizing the upper half of the complex plane, then time translation is the same as translation along the real axis. Since the L_n’s generate transformations of the upper half-plane, one can see that L_{−1} is the generator of translation along the real axis. Therefore, it is reasonable to associate the Hamiltonian with L_{−1}. One then easily sees that one can identify L_{−1,0,1} with H,D and K in such a way that the Virasoro algebra and 0+1 conformal algebra both close.

But this is not the usual situation with which we are familiar from 1+1 conformal field theory. In that case, we generally find that the Hamiltonian is given by L_0, and that L^†_n = L_{−n}. In order to find similar relations, one must choose the time coordinate such that time translation is generated by L_0. Global time coordinates^3 are well suited for this purpose. These coordinates may be written as

ds^2 = −(1 + a^2r^2)dt^2 + (1 + a^2r^2)^{−1}dr^2 . (7.2)

After the transformation tan(σ) = ar ρ = e^{at} (7.3)

and a Wick rotation, one finds the metric

ds^2 = 1 a^2ρ^2cos^2(σ)

(dρ^2 + ρ^2dσ^2) , − π 2 < σ < π 2 . (7.4)

It is clear that time translation now corresponds to scaling of the half-plane, which is generated by L_0.

3We will actually parameterize CAdS_2, the covering space of AdS_2.

Let us now write the action of a particle in an anti-de Sitter space background given in global time coordinates. L = −m √ (1 + a^2r^2) − (1 + a^2r^2)^{−1}ṙ^2 . (7.5)

The Hamiltonian associated with this action is H = ( 1 + a^2r^2

) 1_2 (

m^2 + p^2 + a^2r^2p^2

) 1_2

. (7.6)

In the large radius, relativisitic limit the Hamiltonian reduces to H = p (as one would expect for a relativisitic particle in nearly flat space). Following the logic used above, we set L_0 = H = p.

We must now attempt to find the generators of the rest of the Virasoro algebra. Note that we should not expect L_{−1,0,1} to be expressed in terms of H, D and K (which is the formulation appropriate to Poincaré coordinates). If L_0 = H, there is no way to write L_1 or L_{−1} in terms of H, K or D such that they close under the Virasoro algebra. But one quickly sees that in order for [L_m, L_0] = −ımL_m to hold (classically), L_m must be of the form

L_m = g_m(p)e^{−ımr} . (7.7)

We make the ansatz L_m = e^{−ımr}p (7.8)

and can readily verify that this choice satisfies the classical Virasoro algebra under Poisson brackets. We also note that L^†_n = L_{−n} (classically). This is exactly what we hoped to find in order to match our intuition from 1+1 CFT.

The next question is whether or not the above system can be quantized. Consider the ansatz L_m = e^{− ım2 r}pe^{− ım2 r} , (7.9) where L_m is now a quantum operator. It is clear that L^†_m = L_{−m}. One also sees that [L_n, L_m] = e^{− ın2 r} [ p, e^{− ım2 r} ] pe^{− ım2 r}e^{− ın2 r} + e^{− ın2 r}e^{− ım2 r}p [ p, e^{− ım2 r} ] e^{− ın2 r} + +e^{− ın2 r}pe^{− ım2 r} [ e^{− ın2 r}, p ] e^{− ım2 r} + e^{− ım2 r} [ e^{− ın2 r}, p ] e^{− ım2 r}pe^{− ın2 r} = (n−m)L_{n+m} + n 2 e^{− ın2 r} [ p, e^{− ım2 r} ] e^{− ın2 r}e^{− ım2 r} + n 2 e^{− ım2 r}e^{− ın2 r} [ e^{− ım2 r}, p ] e^{− ın2 r} = (n − m)L_{n+m} . (7.10)

Therefore we can conclude that for the free relativistic particle in global time, the Virasoro algebra satisfies hermiticity and has no central charge.

One may also consider the limit of small AdS radius and small m. In that case, we find L_0 = H = pr^2 . (7.11)

Take the ansatz L_m = pr^2e^{ımr} . (7.12)

Again, we can verify that the Virasoro algebra does indeed close under Poisson brackets. To quantize this system, we make the ansatz

L_m = e^{ım2r} rpre^{ım2r} (7.13)

as a quantum operator. We then find that the quantum Virasoro algebra closes with no central charge.

8. Conclusion

It is interesting to note that the AdS/CF T correspondence served only as a motivational tool in the above derivation. The conformal mechanics described above need not be related to a theory on anti-de Sitter space. It is worthwhile to further investigate the relationship between conformal mechanics and gravity theories on AdS_2 [11, 12].

Additionally, the arguments given above only apply to the mechanics of a single variable. It would be interesting to conjecture that any conformal mechanics of any arbitrary number of degrees of freedom contains the symmetries of the Virasoro algebra. If true, this would more closely cement the relationship found in [4] between conformal quantum mechanics and 1+1 conformal field theory.

Finally, it would very interesting to completely understand the quantization of these conformal mechanics models. More concretely, one would like to know if there is a way to determine the central charge and normal-ordering conventions for arbitary scale-invariant Hamiltonians. Thus far, all of the systems which we have been able to quantize could be thought of as describing a limit of a particle in the background of AdS_2. Since the bulk theory is a two-dimensional quantum gravity theory, the central charge of the bulk Virasoro algebra should vanish (when all ghosts are included). One might speculate that this is the reason why the central charge of the quantum mechanics has vanished in all cases we have found. One would like to know if a non-vanishing central charge could perhaps be found for quantized systems which did not represent a particle in the background of AdS_2.

Acknowledgments

We gratefully acknowledge S. Cullen, J. Gomis, E. Halyo, R. Kallosh, S. Shenker, E. Silverstein, Y. Song, N. Toumbas and A. Van Proeyen for useful discussions. We especially thank A. Strominger and L. Susskind for very helpful comments. This work is supported by the Department of Defense, NDSEG Fellowship Program and by NSF grant PHY-9870115.

References

[1] J. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] S. Gubser, I. Klebanov and A.M. Polyakov, Gauge Theory Correlators from Non- Critical String Theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[3] E. Witten, Anti De Sitter Space and Holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[4] A. Strominger, AdS_2 Quantum Gravity and String Theory, J. High Energy Phys. 01 (1999) 007 [hep-th/9809027].

[5] T. Nakatsu and N. Yokoi, Comments on Hamiltonian Formalism of AdS/CF T Correspondence, Mod. Phys. Lett. A 14 (1999) 147 [hep-th/9812047].

[6] J. Maldacena, J. Michelson and A. Strominger, Anti-de Sitter Fragmentation, J. High Energy Phys. 02 (1999) 011 [hep-th/9812073].

[7] G. Gibbons and P. Townsend, Black Holes and Calogero Models, hep-th/9812034.

[8] E. Bergshoeff and M. Vasiliev, The Calogero Model and the Virasoro Symmetry, Int.

J. Mod. Phys. A 10 (1995) 3477 [hep-th/9411093].

[9] P. Claus, M. Derix, R. Kallosh, J. Kumar, P. Townsend and A. Van Proeyen, Black Holes and Superconformal Mechanics, Phys. Rev. Lett. 81 (1998) 4553 [hep-th/9804177].

[10] G. Jorjadze and W. Piechocki, Massless particle in 2d spacetime with constant curvature, Phys. Lett. B 448 (1999) 203 [hep-th/9812199].

[11] P. Claus, R. Kallosh and A. Van Proeyen, M 5-brane and Superconformal (0,2)Tensor Multiplet in Six Dimensions, Nucl. Phys. B 518 (1998) 117 [hep-th/9711161].

[12] F. Brandt, J. Gomis and J. Simón, D-String on Near Horizon Geometries and Infinite Conformal Symmetry, Phys. Rev. Lett. 81 (1998) 1770 [hep-th/9803196].